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Abstract

Collision-free global motion generation for manipulators in unknown and dynamic environments re-
mains a challenging yet important problem for any manipulation tasks. Traditional methods, such
as global planners and locally-reactive controllers, either lack the su [Cieht runtime speed necessary
for reactive settings or fail to find valid solutions in complex environments. Recent advances in
neural motion generation seek to amalgamate the strengths of these existing methods by training
neural network policies on expert datasets, but they typically struggle to generalize to problems
that are out of the training distribution. In this work, we present a novel neural motion generation
method that aims to improve the performance of prior neural motion generation policies. We lever-
age geometric fabrics as a safe guiding medium to train a reinforcement learning policy conditioned
on the scene. We show that our approach achieves superior performance over existing neural gen-
eration methods in terms of completeness, collision rate, and reactiveness, thereby demonstrating

a new promising direction towards robust and reactive global manipulator motion generation.
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Chapter 1

Introduction

Collision-free global motion generation in unknown and dynamic environments is a fundamental
skill for manipulators, underpinning all manipulation tasks. However, achieving such robust mo-
tions remains challenging due to two primary reasons. Firstly, existing approaches often rely on
complete state information with known environment models, necessitating some form of visual rep-
resentation of dynamic obstacles for real world deployment, such as occupancy grids [11], dynamic
mesh, or signed distance elds [25]. Constructing these scene representations demands substantial
computation to process raw sensor data at each time step to accommodate the dynamic world,
which often proves unachievable in real time [21, 24]. Secondly, it is di cult for one motion gen-
eration method to be complete, optimal, smooth, and fast to execute. Locally reactive controllers,
such as Geometric Fabrics and STORM [6, 46], prioritize smoothness and real-time speed, but
often fail to nd globally valid paths in scenes with complex obstacle arrangements. Alternatively,
global planners, such as RRT* or AIT* [15, 18], are probabilistically complete and asymptotically
optimal, but lack reactivity in dynamic settings due to slower runtime speeds.

To address these challenges, neural motion generation methods have been proposed, leveraging
neural networks' ability to distill expert knowledge from optimal trajectories, provide rapid infer-
ence, and o er exibility to various input modalities. Recently, M Nets [9] employed imitation
learning (IL) to train a policy that operates directly on point clouds and outputs joint actions.
While this technique is signi cantly faster than various global planners and exhibits reactivity with
some degree of global awareness, it struggles to generalize to out-of-distribution settings due to its
supervised learning approach where it is ultimately limited by the quality of the expert dataset.

This work aims to produce a collision-free neural motion generation policy that outperforms
M Nets in terms of completeness, collision rate, and reactiveness while retaining its rapid inference
speed without explicit scene reconstruction. Our approach is to use simulation-based reinforcement
learning (RL) with Geometric Fabrics in the loop to train an actor policy. We use RL in place of

IL in hopes of enhancing the policy's completeness since an RL agent can explore and learn from



continuous online data generation, whereas an IL agent is limited by the coverage of the expert
dataset. In addition, RL inherently trains policies that are globally aware as it optimizes over entire
trajectory rollouts, implicitly equipping policies with look-ahead capabilities [5]. More speci cally,
we use Proximal Policy Optimization (PPO) [39] in simulation as PPO's highly parallelizable nature
scales well with GPU-based simulation [20, 22] a technique proven successful in training other
dynamic robotic tasks such as locomotion and in-hand manipulation [10, 35]. Simulation also
provides a medium to systematically incorporate dynamic obstacles during training such that the
policy explicitly learns to avoid fast moving obstacles, thus improving its reactiveness. Furthermore,
integrating Geometric Fabrics in the loop of simulation RL training enforces smoothness in the
resulting motion by constraining the policy output to satisfy joint space jerk and acceleration
constraints [46], obviating the need to tune action penalization terms in the reward speci cation.
Employing Geometric Fabrics also bridges the sim-to-real gap since the motions output by the
policy during training are guaranteed to stay within the joint-level safety limits of the real robot.
This document details our work regarding geometric fabrics guided learning for collision-free
manipulator global motion generation. We provide the theoretical background necessary for under-
standing our methods and discuss related work in Chapter 2. We delineate our methods in Chapter

3. We present experimental results and ablation studies in Chapter 4.



Chapter 2

Background

This section presents background information that is su cient for understanding the theory behind
Geometric Fabrics and Proximal Policy Optimization, constituting the two core methods used in

our approach.

2.1 Geometric Fabrics

The underlying dynamics that a policy operates on has signi cant e ects on policy learning, both

in terms of sample e ciency during training and performance during inference [1, 2]. Consequently,
it is bene cial to design these underlying dynamics such that they can provide a useful medium
that facilitates policy learning.

In the most primitive setting where the policy is trained to output joint-level torque or position
commands, the policy not only needs to achieve the task objective, but it must also implicitly learn
to handle various non-task-speci ¢ behaviour, such as compensating for the natural dynamics of
the system, satisfying joint-level constraints, and collision avoidance [3, 10].

To reduce the complexity of learning, control systems can be leveraged to create more powerful
action spaces for the policy to use during training. For instance, inverse dynamics control e ectively
eliminates the natural dynamics of the system for the policy, hence providing the policy with a
Euclidean geometry in joint-space such that it no longer needs to learn dynamic compensation
[31]. Operational Space Control (OSC) further removes the need for the policy to learn a mapping
between joint-space and task-space by establishing a Euclidean geometry directly in the task-space,
enabling straight-line motion as the nominal behaviour of the end-e ector [13]. Leveraging these
classical controllers, it has been shown numerous times that policy learning becomes easier as the
controller reshapes the underlying natural dynamics into a dynamical system that exhibits more
useful behaviour [23, 47].

However, if one attempts to capture even more commonly useful behavioural elements, such

as collision avoidance, joint-limit avoidance, etc., these classical controllers often fail to exhibit
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the desired behaviour due to fundamental limitations in the expressivity of classical mechanical
systems. These limitations are evident in the following example.

Consider an acceleration policy derived from combining multiple classical systems together,
where each classical system is designed to describe one behaviour (end-e ector reaching, repelling

from obstacles, etc.). Each classical system evolves according to the following equation:

Mi(ga + fi(a; 9= @ i(q) Bi(q;949 (2.1)

where M ;(q) is the system's generalized mass matrixf;(q; g describes Coriolis forces, i(q) is a
potential function that exerts a force on the nominal system, andBi(q; ¢ gis a positive de nite

damping matrix. If we de ne each system's policy as i(q; 9 = @, we get the following:

(9= M;*( fil;9 @ i(q) Bi(a; 99 (2.2)

Combining these classical systems results in a combined policy with the following form:
x O lx
@= M My (2.3)
i i
Note that the combined system's acceleration is a metric-weighted average where the metric is
each system's mass matrix. From this example, we can immediately recognize several issues from
using classical mechanical systems. Firstly, the metridV ;(q) is merely position dependent, which
is not as expressive as one that is both position and velocity dependent. These metrics dictate the
priority of each policy ;. Obstacle avoidance policies are an example of where velocity dependent
metric is useful since such policies should be deprioritized by the metric if the system is moving
away from an obstacle; this behaviour cannot be speci ed if the metric is only position dependent.
Secondly, the nominal behaviour of the systenM (g} + fi(q; g = 0 is intrinsically coupled with
the metric in classical systems since botiM ;(q) and f;(q; g are derived from computing the Euler-
Lagrange equation using a Lagrangian. The nominal behaviour of the combined system depends on
both the nominal behaviour of each sub-system as well as the priority metrics that weigh the sub-
systems. Since the nominal behaviour and its associated metric cannot be speci ed independently
in a classical system, one cannot e ectively design the overall system's nominal behaviour. Thirdly,
due to the lack of design expressivity of the system's nominal behaviour, almost all behavioural

shaping in classical systems are achieved via potentials, which induce external forces that ght
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against the nominal dynamics of the system in order to achieve the desired motion. However,
combining multiple potentials can easily result in task con icts in practice, causing the system to
converge to undesired local minima.

In spite of the various aforementioned drawbacks of classical mechanical systems, it is worth
noting that these systems are intrinsically stable due to their conservative nature. This is a direct
result from classical mechanics, where systems derived from taking the Euler-Lagrange equation
(EL) of a Lagrangian (in the form of M (g3 + fi(q; 9 = 0) are conservative due to the absence of
any non-conservative forces.

Geometric Fabrics, on the other hand, is a class of provably-stable acceleration-based controllers
that aims to address each of the three aforementioned issues of classical mechanical systems. Firstly,
it generalizes classical mechanics to Finsler geometries, which permits velocity-dependent metrics.
Secondly, it allows one to design the system's nominal behaviour independently from the system's
metric; this is achieved by bending the Finsler system to match a desired geometry (hence obtain-
ing the desired nominal behaviour), while conserving the Finsler system's energy (which directly
determines the system's metric). Lastly, since a Geometric Fabric's nominal behaviour can be freely
speci ed and it is geometric in nature, one can pack many useful behaviour in the system's geom-
etry (nominal behaviour) itself, which reduces the number of potentials required for behavioural
shaping. Intuitively, the geometric nominal behaviour of Geometric Fabrics can be viewed as a
road network of paths, and potentials are merely steering the system from one road to another in
order to achieve a task objective (see Figure 2.1).

The following sections will explain the above claims in detail, building up to a working under-
standing of the ways in which Geometric Fabrics can serve as a useful guiding-medium for policy

learning. Note that the following results and derivations are adapted from [33, 34, 46].

2.1.1 Spectral Semi-Sprays

Geometric fabrics belong to a class of second-order systems callsgectral semi-sprays or specsfor
short. These systems have form ofe + f = 0, where x is in a task spaceX. Using the notation
of spectral semi-spray, the di erential equation above can be denoted a¢M ; f)x, which is known
as the nominal form of a spec.

Each spec can be designed to exhibit a certain behaviour in a desired task space. For instance,
one spec can be speci ed as an end-e ector attractor while another can be used for obstacle avoid-

ance for a particular link. Therefore, we need to derive the ways in which specs can be transformed
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between di erent task spaces and combined into one spec that captures all of the desired behaviour.

These transformation and combination operations constitutespec algebra

2.1.1.1 Pullback

Pullback is an operation of spec algebra that speci es the way in which specs are transformed from
one task space to another. For example, if a spec de nes a certain behaviour in a manipulator's end
e ector space, this spec can be pulled-back to the robot's joint space such that the same behaviour
is exhibited in terms of the robot's joint variables.

Given a dierentiable map : Q!X ,we havex = (q),J =@ , and» = 1 + 1g. To
transform a spec(M ;f)x from task spaceX to Q, we need to nd a di erential equation in terms
ofg such that its behaviour matches the desired behaviour de ned byMe 9+ f = 0. Concretely,

we can construct the following optimization problem :

st. x9= M1,

x=Jeg+ Jg
The close-form solution to the optimization problem is:
ga= (TMI)IT( + Ml (2.4)
Rearranging the above yields:
@"™MIg +JT(f+Mlg=0 (2.5)

We note that (2.5) is the spec(M ;f)x pulled-back into Q. Therefore, we can de ne the pullback
operation as:

pull (M;f)x =(ITMI ;37 (f + MLa), (2.6)
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2.1.1.2 Combination

Combination is another operation of spec algebra. We can combine specs in the same task space

by simply summing up their associated di erential equations:

I I
X ' X
Mi > + fi =0 (2.7)

Therefore, we can de ne the spec combination operation as:

X X X
(Misf)x = Mi; fi)x (2.8)
i i i
We can also rewrite the di erential equation M + fi= 0 as¥» = M i'lfi, wherex» can be inter-
preted as a sub-policy i(q; 9. Note that each (q; 9 species the behaviour of(Mj;fi)x. We
then de ne the canonical form of a spec agM; )% . By rearranging Equation (2.7), we can write
the spec combination operation in the canonical form as:

|
X o X X X - c
(Mi; )x = Mi;( Mj) Mi i (2.9)
i [ [ [ X
: : : : : P 4P
From Equation (2.9), we can readily observe in the combined policye =( ;M) iM; ; that
each sub-policy ; is weighted by its associated metricM ;.
When combining specs that are expressed in di erent task spaces, we rst pullback each spec

to a common task space, then combine the pulled-back specs using the combination operation.

2.1.2 Riemannian Motion Policies

Riemannian Motion Policies (RMPs) [32] is a predecessor to Geometric Fabrics. In the RMPs
framework, each RMP species a particular behaviour using a user-designed acceleration sub-
policy ;. In addition, each RMP also has a user-de ned velocity-dependent priority metric M
that weighs the associated sub-policy. Therefore, an RMP is by de nition the same as a spectral
semi-spray and is commonly denoted in the canonical form of a spec dM ; i)%. The RMPs are
combined together using spec algebra.

It is worth noting that the RMPs framework gives one the freedom to design the sub-policy
independently from the metric for each RMP, which means that the metric is generally not coupled

with the sub-policy via a Lagrangian. This also allows the metric to be velocity-dependent. As a
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result, an RMP cannot be considered a classical mechanical system and thus is not guaranteed to be
intrinsically stable. In practice, each RMP is speci ed based on one's intuition and experience, and
the stability of RMPs are empirically veri ed. Thus, designing stable RMPs can pose a challenge
for novice users [34]. Some basic examples of RMPs are shown in Section V.B of [32], including an
end-e ector position tracking RMP, an obstacle-avoidance RMP, as well as a joint-space redundancy
resolution RMP.

Overall, the RMPs framework enables expressive policy designs by allowing velocity-dependent
metrics that are also decoupled from the sub-policies; however, RMPs lack theoretical stability
guarantees. We note that Geometric Fabrics is a provably-stable class of RMPs, while still retaining

RMPs' ability to design metrics and sub-policies independently.

2.1.3 Fabrics

A spec can beforced by a position-dependent potential j(q) as follows:
M(xp +f(x; 9= @ (x) (2.10)

where the negative gradient of the potential @ (x) is the force exerted by the potential onto
the spec. If forcing the spec with (x) causesx to converge to a local minimum of (x), then
we de ne this spec as afabric. From arranging the fabric equation for the system's acceleration
»= M H(x;Y M 1@ (x),wedene M If(x; x as the system's nominal acceleration and
M 1@ (x) as the forced acceleration. The forced acceleration serves to push the system away
from its nominal behaviour, illustrated in Figure 2.1.

We can further observe that both the nominal acceleration and the forced acceleration are
dependent on the metric M. Speci cally, the eigenvectors and the associated eigenvalues of

dictate the directions and the extent that the forces can exert on the system to impact its behaviour.

2.1.4 Lagrangian Fabrics and Conservative Fabrics

Given a Lagrangian L(x; X), its associated equation of motion (EOM) derived from the Euler-
Lagrange (EL) equation forms a spec:M p¢ + f_ = 0, whereM | = @ix_l- andfp = @xLx @L.
This Lagrangian induced spec(M  ;f| )x forms a Lagrangian fabric.

In addition, if M is full-rank, its associated Lagrangian is known as an energy Lagrangian,

denoted asL.. The Lagrangian fabric formed from an energy Lagrangian(M ¢;fc)x is known as
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(x)

M(xpe + f(x; =0

Figure 2.1: The potential (x) (in black) pushing the system behaviour (in blue) away from its
nominal path (in green).

a conservative fabric since it conserves the system's energy. The system's energy is also known as
the system's Hamiltonian He = @L{ x L .
We prove the energy conservation property of(M ¢;fe)x by rst calculating the time derivative

of He, then showing that He = 0:

_d

He= L[@Le L o] (2.11)
=(@xlet + @LeX x+ @QLDe (QLY¢ + @L§ X (2.12)
= X (@ylet + @xLex @LIX (2.13)
= X (Mot + fe) (2.14)

SinceM g¢ + fo = 0, it is evident from Equation (2.14) that He = 0, hence demonstrating that the
system's energy is conserved.

We can also modify the conservative fabric(M ¢; fe)x by introducing an additional force term
f; . As such, the modi ed spec becomegM ¢;fe + f; )x, with the associated di erential equation

Mg¢ + fo+ fr = 0. We now prove that this modi ed system (M ¢; fe + f; )x still conserves energy
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if and only if x"f; = 0. Following Equation (2.14) and substituting = M (fe + f;):

He= X (Mgt + fe) (2.15)
=X Me Mci(fet fr) +fe (2.16)
= X ( fe fr+fo) (2.17)
= X f; =0: (2.18)

Therefore, the modied system (M ¢;fe + f;)x remains a conservative fabric. We denote this
modi ed system as azero-work modi cation to (M ¢; fe)x .
We now consider the conservative fabridM ¢; fo+ f; )x being forced by a lower-bounded potential
(x) and damped via B(x; X) x. The system's di erential equation thus becomesM ge¢ + fo+ f; =
Q@ B x, with the system's total energy equalingH, = He + (Xx). We can prove that this

system always converges and thus is guaranteed to be stable by examinirk, :

He = Het+ — (2.19)
= X (Mot +fe)+ @ T X (2.20)
=X (Met +fe+ @ ) (2.21)
=X Me Ml(fe+tfi+@ +Bx) +fo+ @ (2.22)
=X (fe @ Bx+fe+@ ) Xf (2.23)
= X' Bx (2.24)

If we specify B (x; X) such that it is strictly positive de nite, then H, 0. Moreover, sinceH, is
lower-bounded andH, 0, we can know that H, ! O, implying x! 0. Therefore, conservative

fabrics are guaranteed to be stable by adding a damper that drains the system's energy overtime.

2.1.5 Energized Fabrics

Consider an arbitrary spec of the form (I;h)x with the di erential equation » + h(x; X = 0. In
addition, consider a conservative fabric(M ¢; fe)x induced from an energy LagrangianL e with an
associated energy leveHe. We claim that the spec (I;h)x can be transformed into a conservative
fabric that has the same energy level agM ¢; fo)x . This process is called thesnergization of (1;h)x

with L, which produces a conservative fabric denoted as amnergized fabric We emphasize that

10



2.1. GEOMETRIC FABRICS

this resulting energized fabric is energy conserving with an energy levéd .. We can represent this

energized fabric with the following di erential equation:
» + h(x; X+ H.Xx=0 (2.25)

where we de ne . as

_ T Lor
He = XMex X [Meh fe] (2.26)

By rearranging Equation (2.25), we can represent the energized fabric system as:

Mot + fo+ Po[Meh fe] =0 (2.27)

1 h i 1 1
wherePe= MZ& | 00T Me2? with v = g xand ¢ = ﬁ Note that it is straight forward to
show that for an arbitrary f(x; X),

X Pef =0 (2.28)

Hence, we can interpretP. as a scaled orthogonal projector ofx since P, projects f onto the
orthogonal space ofx

We note that Equation (2.27) in spec notation is (M ¢;fe+ Pe[Mch  fe])x. Let f =[M¢h  f¢]
and f; = P.f = P[Mch  fe]. The energized fabric spec is thugM ¢;fe + f; )x . From Equation
(2.28), it can be easily observed thatf; = P¢[Mch f¢] is a zero-work modi cation to (M ¢; fe)x
because X' f; = X' Pof = 0. Since the energized fabric(M ¢;fe + Pe[Mch  fo])x is merely a
zero-work modi cation to a conservative fabric (M ¢;fe)x , we have shown that the energized fabric
remains conservative with an energy leveH, the same energy as (M ¢; fe)x .

Now that we have proved that the energized fabric is conservative with an energy levat ¢, we

can derive Equation (2.26) starting from Equation (2.14) and then substituting Equation (2.25):
He= X' (Mee + fe) =0 (2.29)

XMe( h u R+ f]=0 (2.30)

11



2.1. GEOMETRIC FABRICS

Now solving for 4., we arrive at Equation (2.26):

XMeh  X'fe

He = ZTM ez (2'31)
1
= X'Mex ~X'[Mch  fe (2.32)
We nally de ne the energization operator using the spec notation in the natural form:
energizg f(lI;h)xg=(Me;fe+ Pe[Mch fe])x (2.33)

We can also write the energization operator in the spec's canonical form by rearranging Equation

(2.25) as* = h(x; X He X thus forming:
energizg f(I; h){g=(Me h(X;®  H.XS (2.34)

To summarize, the energization of(l;h)x with L is the process of makinge + h(x; X = 0 have
the same energy as the systenM g¢ + fo = 0 derived from Le. The resulting system is called an
energized fabri¢ which is an energy conserving fabric with an energy leveHe.

We now provide a high-level overview regarding the ways in which energization is used for
remedying some of the aforementioned issues associated with classical mechanical systems. Firstly,
the spec(l;h)x serves the sole purpose of specifying a certain sub-policy's nhominal behaviour.
However, (I;h)x is not guaranteed to be stable. We can makédl;h)yx stable by transforming it
into a conservative fabric via energization. Secondly, from Equation (2.33), it can be seen that the
energized fabric has an associated metritf ¢ that is derived from L.. The idea is that since the
metric M ¢ is not originally related to the system (I ; h)x that speci es the nominal behaviour, one
can design the metric independently from the nominal behaviour.

However, from Equation (2.34), one can observe that the energized fabric's nominal behaviour is
modiedto» = h(x; X H. X thus di ering from the intended nominal behaviour speci ed by
» = h(x; X. Ingeneral, the added acceleration term , x causes the energized fabric's nominal
behaviour to change from that of (I;h)x . Speci cally, the modi ed nominal behaviour traces out
a di erent path from (I;h)x despite the same initial conditions; this severely hinders one's ability
to design the fabric's nominal behaviour at will. However, we will show that we can impose a few
simple design constraints on both(l; h)x and L such that the modi ed nominal behaviour traces

out the same path as(l;h)x. When two systems' behaviour are path-consistent, they share the

12



2.1. GEOMETRIC FABRICS

same underlyinggeometry, and thus we denote them asgyeometric. Therefore, in the next sections,
we will explore the necessary properties that will make an energized fabrigeometric. To emphasize,
if an energized fabric is geometric, one can design both the system's nominal behaviour and its
priority metric completely independently while guaranteeing the system's stability, hence making

this framework much more powerful and expressive than a classical mechanical system.

2.1.6 Generalized Non-Linear Geometries

A generalized non-linear geometry is a second-order di erential equation describing a smooth col-
lection of paths. This means that the solutions of the di erential equation with the same initial
position and the same initial velocity direction (xg;VYy) trace out the same path. Second-order
di erential equations with this property is denoted as path-consistent We note that an arbitrary
second order di erential equation in general is not path-consistent. This means that di erent initial
speeds result in trajectories that trace out di erent paths. An intuitive example of a non-path-
consistent system is an orbiting satellite, where depending on the initial speed, the satellite would
either spiral inward, stay in orbit, or break orbit.

For these generalized non-linear geometries, trajectories starting from the samgxg; Vy) are
merely one time re-parameterization away from one another; these trajectories are known to be
equivalent Concretely, if x¢(t) is a trajectory with time index t, given a smooth monotonically
increasing function t(s), then xs(s) = x(t(s)) creates an equivalent trajectory that is a time re-

parameterization of X(t).

2.1.6.1 Geometry Generator Equation

A geometry generator is an ordinary second-order di erential equation of the form

» + ho(x; X)=0 (2.35)

where ha(x; X) is a smooth, positively homogeneous of degree 2 (HD2) in velocitiediz(x; X =
2hy(x; X) for > 0.
Given an initial condition (xg; Vy) for any > 0, solutions to a geometry generator produce
equivalent trajectories. In other words, given the same initial position and the same initial velocity
direction, the solutions of a geometry generator trace out the same path. We emphasize that for the

samexg and Vy but di erent values of , solutions given the initial condition (xo; Vy) are unique

13



2.1. GEOMETRIC FABRICS

since geometry generators are ordinary di erential equations. However, those solutions only di er

from each other by a time re-parameterization.

2.1.6.2 Geometric Equation

Given a geometry generator equatiome + hy(x; X) = 0, its correspondinggeometric equationis the
following:

P? g + hao(x; ¥]= 0 (2.36)

where P;z_ = | RRT is a projector that projects orthogonally to x Since P; has a non-trivial

nullspace spanned byx, any solution to the geometric equation satis es:
» + ho(x; X+ ()x=0 (2.37)

where (t) is some smooth function that can be interpreted as an acceleration alonk Equation
(2.37) is known as the explicit form geometric equation In other words, if ¥ + hy(x; X) = 0
generates geometric trajectories, theme + ho(x; X) + (t) x= 0 generates trajectories that follow
the same path.

We emphasize that there is no unique solution to the geometric equation for an initial condition
since P;-(i has a non-trivial nullspace, hence providing a degree of redundancy. Concretely, given
(Xp; VY), the solutions to the geometric equation are the set of all trajectories following the same

path.

2.1.7 Finsler Geometry

Finsler geometries are non-linear geometries such that their geometric equations are de ned by the

EOM induced from taking the Euler-Lagrange equation of Finsler structures.

2.1.7.1 Finsler Structure
A Finsler structure, denoted asL 4(x; X), is a Lagrangian with the following properties:
1. Lg(x; ¥ Oforall xwith equality if and only if x= 0.

2. Lg(x; x) is positively homogenous (HD1) in velocity. Specically, Lg(Xx; X = Lg(x; X) for
0.

14



2.1. GEOMETRIC FABRICS

3. Lg(x; X has an associated Finseler energle(X; X) = %LS such that @, L is invertible for

all (x; x.

Taking the Euler-Lagrange equation with respect to a Finsler structure L 4 results in the following
EOM:

Mge + fg=0 (2.38)

where M ¢ = @iX_Lg and fg = @xLgx @Lg. This EOM is a geometric equation, meaning that
the solutions to the induced EOM given an initial condition is a set of trajectories that trace out
the same path, hence producing time re-parameterization invariant trajectories.L 4's EOM being
a geometric equation can be intuitively shown by proving that L 4's action functional is time re-
parameterization invariant itself 1. Given a time re-parameterizationt = t(s) with xs(s) = x¢(t(s))
and x = %5 Lg's action integral A[xs] can be shown to equalA[x;], hence being invariant to

time re-parameterization:

Z
dt

Alxs]= Lg(xsi %)ds=Lg X % ds (2.39)

Z

dt

= Lg(xt; z{)£ds (2.40)

4
= Lg(X¢; x)dt = A[Xq]: (2.41)

2.1.7.2 Finsler Energy

We now investigate Finsler energyL ¢(x; X), which is a Lagrangian that follows L = %Lg. We can

immediately observe that L is HD2 in xsincelLy is HD1 in x

Lo(x: ¥ = %(Lg(x; )2 (2.42)
= 2 Lox; 0)? 243
= 2x ¥ (2.49)

From Euler's theorem on homogeneous functions [17], it is known that i (x; X) is HDk in x, then

its corresponding Hamiltonian H is:

H=@L'x L =(k 1)L (2.45)

!Recall from Calculus of Variations, solutions to the EOM derived from taking the Euler-Lagrange equation of a
Lagrangian are the stationary solutions that minimize the Lagrangian's action functional.
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2.1. GEOMETRIC FABRICS

In the case ofL¢(X; X), since it is HD2, its Hamiltonian is:
He=(2 1)Le= Le (2.46)

Therefore, Le's Hamiltonian is itself. This is why L is called the Finsler energy since L. also
happens to equal to the system's energy.

We now claim that the EOM derived from taking the Euler-Lagrange equation of L ¢ is a geom-
etry generator equation, where its corresponding geometric equation is the EOM of the associated

Lg. The EOM induced from L is the following:
Mge + fe=0 (2.47)

whereM ¢ = @éX_Le andfe= @cLeX @Le. It can be shown that M is HDO in xand fe is HD2
in x. We note that since Equation (2.47) is derived from a LagrangianLg, it is also a conservative
fabric, meaning that the system conserves energy; in this case, the conserved energyHs, which
is the Finsler energyL itself.

To summarize, the EOM of a Finsler structure L4 is a geometric equation and the EOM of
the associated Finsler energyL . forms a conservative fabric that conserved. . while also being a

geometry generator.

2.1.8 Geometric Fabrics

An energized fabric, energize_f(l;h2)x g, is a geometric fabricif (I;h2)x is a geometry generator
and L¢ is a Finsler energy. Note that if (I;h2)x is a geometry generator,h,(x; X) must be HD2 in
X hence we denote it ashy(x; X) explicitly. We now explicitly present the canonical form (2.48)

and the nominal form (2.49) of the geometric fabric equation:
energize f(I; h2)%g=(Me ha(X;®  n. XX (2.48)

energize f(l;h2)xg=(Me fe+ Pe[Meha fe])x (2.49)

where M ¢ = @ix_'-e andfe= @cLex Q@Le.
We note that the canonical form of the geometric fabric equation (2.48) represents the di erential

equation» + hy(x; X He X= 0. Sincex + hy(x; X = 0 is a geometry generator and the term
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H. X IS merely an instantaneous acceleration along the direction of motionx, solutions to the
geometric fabrice + ha(x; X) H, X= O trace out the same paths as solutions tee + ha(x; X) =
0, given the same initial conditions. In other words, the nominal behaviour of the geometric
fabric, energize f(I;h2)x g, matches the intended nominal behaviour specied by(l;hz)x, while
maintaining a stable energy level ofHe = L. To emphasize, by specifying the nominal behaviour
via a geometry generator(l;hz)x, we can ensure that energizing(l; h2)x does not modied the
intended nominal behaviour.

Furthermore, since L¢ is a Finsler energy,M ¢ is HDO in x and fe is HD2 in x Using these
properties, it is simple to show that  y, xis HD2 in x This means that ha(x; X H, XIS also
HD2 in x Hence, the geometric fabrice + ha(X; X) He. X= 0 is a geometry generator itself. In
fact, the geometric fabric, energize _f (I;h2)x g, is a geometry generator that has the same geometry
as (I; h2)x, thus exhibiting the same nominal behaviour.

We now investigate the nominal form of the geometric fabric equation (2.49), representing
the di erential equation Mge + fo + Pg[Mcho  fg] = 0. We note that this di erential equation
is essentially the EOM of the Finsler energylL e with an additional zero-work modi cation term
Pe[M chy  fe] from the energization process. Recall that the EOM of a Finsler energ g¢ + fe = 0
is a geometric generator itself, thus denoted as the Finsler geometry. However, the canonical form
of the geometric fabric equation (2.48) clearly indicates that geometric fabric actually exhibits the
geometry ofe + h, = 0, which di ers from the geometry of M g¢ + fo = 0. Therefore, the additional
zero-work modi cation term can be viewed as bending the Finsler geometry to match the intended
geometry» + h, = 0 without changing the system's energy.

In addition, from M g¢ + fo+ Pg[M cho fe] = 0, it can be seen that the geometric fabric's metric
is the same as the metricM ¢ from the unbent Finsler geometry. Therefore, bending the Finsler
geometry does not a ect the fabric's metric, but it allows its nominal behaviour to completely
adhere to another geometry(l; h2)x , e ectively enabling one to decouple the design of the fabric's
metric from its nominal behaviour.

We summarize the main properties of a geometric fabric, denoted as energizd (1;h2)x g, as

follows:
1. (I;h2)x solely speci es the nominal behaviour of the geometric fabric.

2. Energizing (1; h2)x using any arbitrary L ensures that(l; h2)x is stable with an energy level

of He without modifying its nominal behaviour.
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3. Energizing (I; hy)x using a Finsler energyl ¢, ensures that the resulting fabric is stable with
an energy level ofHe = L. In addition, the resulting fabric is a geometry generator that

exhibits the same geometry aql; h)x .

4. The selection of the Finsler energyL e determines the fabric's metric viaM ¢ = @XLe. This
metric is used to determine the priority of the geometry and/or the forcing potential when

combining with other fabric policies via the spec combination operation (see Section 2.1.1.2).

5. Since the metric is solely dependent oL and the nominal behaviour is solely speci ed by
(I3 h2)x , the design of the metric is completely decoupled from the fabric's nominal behaviour,

resulting in more expressivity in the fabric.

2.1.9 Geometric Fabrics and The Spec Algebra

Geometric fabrics are fundamentally a class of specs and hence the pullback and combination
operations described in the Section 2.1.1 hold for geometric fabrics. Therefore, the spec algebra
can be leveraged to design geometric fabrics in parts, where each part speci es a certain behaviour
in a particular task space; each of individual the parts can then be pulled-back to a common task
space and combined to yield a nal geometric fabric. For example, in the case of a manipulator, one
may de ne a geometric fabric in the joint space for joint-space posing and a geometric fabric for each
of the robot links for obstacle-avoidance. It is worth noting that any pullbacks and combinations

of geometric fabrics still result in a geometric fabric. In fact, under the spec algebra, closure holds
for any of the aforementioned classes of fabrics [34]. In this section, we further explore the spec
algebra as we outline the ways in which Lagrangians and the energization operation behave under

the spec algebra.

2.1.9.1 Lagrangians Under Pullback

Given a dierentiable map : Q!X , for a Lagrangian L(x; X), we can pullback this Lagrangian

from X to Q as follows:
pull [L]= L( (@) 3 (@) (2.50)

With this de nition, the following property holds:

N .
pull [EOM[L(x; Y]] = EOM pull [|_(x;g<)]I (2.51)
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where EOM[L (x; X]=(M;f)x = Me + f = 0 denotes the equation of motion derived from taking

the Euler-Lagrange equation of the LagrangianL .

2.1.9.2 Energization Under Pullback

Given a dierentiable map : Q!X , a geometry generator de ned inX: (I;h2)x, and a Finsler

energy de ned in X: L, the following property holds:
h i
pull energize (1;h2)x = energizg,, ., pull [(Me;Meh2)x] (2.52)

where M ¢ = @ix_Le- In essence, energizing a geometry withL¢ in X, then pulling back to Q is
equivalent to rst pulling back to Q with the metric M ¢, then energizing with pull Le. Therefore,

energization commutes with pullback.

2.1.9.3 Energization Under Combination

For i 2 [1;m], we have m geometry generators(l;hzi)x, and m associated Finsler energies ¢;.
The following property holds:

#
X
energize ., [(1;h2i)x] = energizéD e (I3 hai)x (2.53)

Equation (2.53) states that energizing(l; h2.)x with their individual L then combining them is
equivalent to combining (I;h2)x rst and then energizing the combined geometry generator with

the sum of their L.

2.1.9.4 Geometric Fabrics on a Transform Tree

We now consider a transform tree where there existen di erentiable maps ;: Q! X ;. Each task
spaceX; has a geometry specied by:(I;h2i)x,, and an associated Finsler energy.¢;. We desire

to yield a combined geometric fabric inQ, which consists of the following steps:
1. Energizing each(l;hz;i)x, with Le;;, forming m geometric fabrics.
2. Pulling back each of the geometric fabrics fromX; to Q.

3. Combining the pulled-back geometric fabrics to yield a nal geometric fabric in Q.

19



2.1. GEOMETRIC FABRICS

However, energizing each geometry individually can be computationally ine cient. Instead, we can
leverage the following property to only perform energization once:
h _ [ ) X #
pull , energize . [(I;h2i)x] = energlzéD pul L pull (M e;i;Meihzi)x, (2.54)

i i

Therefore, in practice, deriving the combined geometric fabric consists of the following steps:
1. Pulling back each of the geometries fromX; to Q with the metric M ¢;; derived from Le;.
2. Combining the geometries to yield a nal geometry in Q.

3. Energize the combined geometry with the sum of the pulled-backL¢;; to yield the nal

geometric fabric in Q.

We now investigate Step 1 and 2 further by expanding out the pullback operations, then expressing

the pulled-back specs in their canonical form, and nally performing combination in the canonical

form:
X T T
pull [ (Me;i;Me;ihzi)x, = Ji Me;idi; Ji (Mgjihzi + Me;idi 9 o (2.55)
i i
X yaT C
= Mi; MYITMei(hai + 3 0 0 (2.56)
i
X
= M i ﬁz;i ¢ (2.57)
i Q
Oxn oLy te
= My i MiRoA (2.58)
i=1 i=1 i=1 Q

where M = JTM¢;J;, representing the pulled-back metrics, andRz; = MYITMei(hai + 1 9,
representing the pulled-back geometries.

We now de ne B, = P o M tP i Y iR2; such thatq + R, = 0, or 1;R; o represents
the combined geometry inQ. It is worth noting that Equation (2.58) clearly demonstrates that
each pulled-back geometryR,.; is weighted by the pulled-back metric f1;; therefore, we can design
the metric to modulate the priority of each geometry.

For Step 3, we rst compute the system's combined Finsler energyL ¢ as follows:

X
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Then we energize the combined geometryl; R, o with L to yield the nal geometric fabric in Q:

energize . |;R>

2.1.9.5 Forcing Geometric Fabrics

Given a geometric fabric energize f(l;h2)og = (Me;fe + Pe[Mehz  fe])g, such as the nal
combined geometric fabric described in Section 2.1.9.4, it is often useful to add a potential function
(g) to the system to inject energy into the system in order to achieve some task-speci ¢ behaviour.
Since the geometric fabric alone speci es the system's nominal behaviour, the potential hence serves
to push the system away from its nhominal behaviour. For instance, in the case of a manipulator,
a well designed geometric fabric could exhibit the nominal behaviour of joint-space posing and
obstacle avoidance; in order to achieve end-e ector posing, one may impose an end-e ector attractor
potential on the geometric fabric. It is also common to add a damper B(q; ¢ gthat can drain
the system's energy in order for the system to converge. A geometric fabric in the presence of a

potential and a damper is referred as a forced geometric fabric, which has the following form:

One can also design multiple potentials in di erent task spaces and combine them in one common
task space. Given a transform tree withn di erentiable maps ; : Q! X ;. Each task space has
a potential function ;(x;) and an associated metricM .; that can be used to weigh its potential
against other potentials for priority modulation. For each potential and metric, we can construct

the following spec(M ;i ;M ;i @, i(Xi))y,, representing the following di erential equation:

M.xi= M@ i) (2.61)
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We can then use the spec algebra to pullback each potential t@ and combine them as such:

X X
pul (M M@ i)= JIM 33T Mi@ i+M 49 o (2.62)
| )(l c
= kMg MM @ i+ 0 (2.63)
X
=" Mo (2.64)
len xn 'y te
=@ M i M;i M |@|A (2.65)
i=1 i=1 i=1 Q
whereM ; = JTM ;Jiand @; = MY JTM ; (@ i+ L 9. We can therefore set @ in

P 1p
Equation (2.60) as m i mM,;d;.
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2.2 Reinforcement Learning

The objective of reinforcement learning (RL) is to maximize an agent's expected discounted return
via learning from its interactions with its environment, commonly modelled as a Markov Decision

Process (MDP) [26]. An MDP is denoted ashS; A;R; P; i, where

~

S represents the set of all valid states.
A represents the set of all valid actions.
" R:S A S! Risthe reward function, with ry = R(S;;at; St+1).

" P:S AP (S)is the state transition probability, with P (sYs;a) representing the proba-

bility of being in s%starting from s and taking action a.

o represents the distribution of the starting state sp.

The agent's interactions with its environment are organized into episodes. At the beginning of each
episode, the agent starts insg 2 S, sampled according tosg o(so). At each proceeding time step
t, the agent observes the states; 2 S from its environment and takes an actiona; 2 A sampled from
its policy a; (a¢jst). Given this action a;, the environment transitions to a new state s;+; 2 S
at the next time step, sampled according to the state transition probability si+1 P (St+1]St; at).
In addition, the agent also receives a rewardr; = R(St;at;Si+1) for its behaviour. The agent
repeatedly observes its environment and applies actions fof time steps, which forms a sequence
of states and actions, denoted as a trajectory = (Sp;ap;s1;azs;:::;sr). Given a trajectory , the
associated discounted return is calculated as follows:

!

R( )= try (2.66)

t=0

where 2 (0;1) is the reward discount factor. The objective of RL is to learn an optimal policy

that maximizes the expected discounted returnJ( ), de ned as follows:

=argmax J( ) (2.67)
Z
J()= P(J)I)R()=E [R()] (2.68)
1
P(J)= of(so) P(st+jsa) (aijst) (2.69)

t=0
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where P( j ) is the probability of a T-step trajectory induced by the policy

2.2.1 Value Functions

In reinforcement learning, it is useful to have a means of estimating the current performance of the
agent. Value functions serve this purpose as it provides the expected return given the current state
or state-action pair [42].

The on-policy value function V (s) gives the expected return of an agent at states and act

according to for T time steps, de ned as follows:

V()= E p(j;s=9I[R()I (2.70)

TY 1
P(jiso=9)=  P(sujsa) (ajst) (2.71)
t=0
Similarly, the on-policy action-value function Q (s;a) gives the expected return of an agent

applying action a from state s and following for T time steps, de ned as follows:

Q (s;a)=E P( j:so=sa0=a) [R( )] (2.72)
Ty 1

P(j; so=s;ap= a)= P(s1jSo;ap) P(st+1jst;ar) (aijst) (2.73)
t=1

2.2.2 Policy Gradient Methods

Policy gradient methods are a class of reinforcement learning algorithms that are well-suited for
dynamic robot control tasks due to their compatibility with continuous action spaces and their

capacity to leverage neural networks as powerful function approximators [26, 43]. Policy gradient
methods optimize the policy's parameters via directly performing gradient ascent on the expected

discounted return objective J( ) :

ket = k+ 1 J(C )i, (2.74)

Therefore, policy gradient methods rely on obtaining good estimates of the policy gradient J( ),

which we will discuss in this section.

2Any gradient-based optimization methods, such as Adam [14], can be used.
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We now derive an analytical expression forr J( ). We rst apply logarithm to Equation
(2.69) to obtain the log-probability of a trajectory:
K 1
logP( j)=log o(so)+  (logP(sts1jsi;ar) +log  (adst)) (2.75)
t=0
Since only the policy is dependent on , the gradients of log o(sg) and logP (st+1]jSt; at) with

respect to is 0. Thus, we obtain the following expression for logP( j ):

-5(1
¢ togP( ()= ¢ (lod dh+ T eaPesld b+ tog (aiiso) (2.76)
t=0
-5(1
= 1 log (aijst) (2.77)
t=0

We also note thatr logP( j ) can be written as follows:

r logP(j)= r P(j) (2.78)

PCI)

Rearranging Equation (2.78) forr P( j ) yields and substituting r logP( j ) in accordance with
Equation (2.77) yields:

r PCj)=P(j)r logP(j) (2.79)
X1

=P(j) r log (ajst) (2.80)
t=0

We nally derive the analytical expression for the policy gradient r J( ). Note that since the

return R( ) is independentof ,r R( )=0.
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rJ( )=r I% [R( )] (2.81)
=1 P(i)R() (282)
4
=t PCHORO)+ pE I (R (2.8
4
= P(j)r logP(j)R() (2.8
Z K 1
= P(j) r log (ajs)R() (2.85)
=0
;(1 L4
- E r log (ais) R() (2.86)

t=0

Equation (2.86) indicates that the policy gradient r J( ) can be expressed as an expectation,
which means that we can obtain an estimate of the policy gradient§ via Monte Carlo sampling.

, We can calculate a policy gradient estimate as follows:

" ! #
1 x k! _
9=y rlog (ajs) R() (2.87)
2D t=0
In practice, calculating the policy gradient estimate according to Equation (2.87) results in estimates
with high variance, which means that we need to collect a high number of trajectories to ensure
an accurate estimate of the policy gradient. To reduce the number of trajectories needed, we can

reduce the variance of the policy gradient estimate as such:

% 1 ! #
rJ( )=E r log (ajst) R() (2.88)
, t=0
1 #
= E (r log (ajst)R()) (2.89)
t=0
o "
= E r log (aijsi)Ru (2.90)

t=0

P . C .
where R; = tToztl tOR(sto; a.o; Sto41 ) is the rewards-to-gq which is the sum of rewards left to be

obtained in the trajectory from a given time step. Intuitively, Equation (2.90) statesthat r J( )is
aweighted-sum ofr log (a;js;), where the weight is the rewards-to-go.r log (a;js;) represents

the direction of change for that would increase the probability of the policy outputting a; given s;.
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Therefore, if the rewards-to-go is large for a givers;, the policy gradient would be more weighted
towards a direction that would increase the probability of the policy outputting the associated a;
and vice versa.
One may further reduce variance by replacing the empirical rewards-to-gd?; with the on-policy
action-value function Q (st;a;) in Equation (2.90), resulting in the following:
X 1 #

r J( )=E r log (ajst)Q (st;ar) (2.91)
t=0

Moreover, we can introduce a baselindXs;) without changing the the gradient estimate [26]:

e 4
rJ( )=E rlog (ajs)(Q (st;a) blst)) (2.92)
t=0

A common baseline we use is the on-policy value functiot (s;) due to its empirical e ect of
reducing the variance of the policy gradient estimate [26]:
X 1 #

rJ( )=E rolog (ags)(Q (st;ar) V. (st)) (2.93)
t=0

In practice, V (s;) cannot be computed exactly. However, we can approximate/ (s;) with a
neural network V (s;). For each each policy update via gradient ascent, we also trai’/ (s;) as
follows:

. 2
kel =argmin Eg p V (st) R (2.94)

k

Using Monte Carlo sampling, we can express Equation (2.94) as the following:

o1 x ki 2
k+1 = argmin —— V() Ry (2.95)
NiT 2D t=0
We also note that Q (s;;a;) V' (st) in Equation (2.93) is denoted as the advantage function
A (st;at), which can be interpreted as a measurement of how much better the current action
a; is in comparison to the average action from the current policy ats;. In practice, we estimate
A (s;;a;) with a method called the Generalized Advantage Estimation (GAE), which involves

using the value function estimateV (s;) and the collected rewards to yield an advantage estimate

A‘FAE in a manner that allows the user to control the bias-variance trade-o of the estimate [38].
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AGAE is computed as follows:
, ¢
ARG =7 ) (2.96)

U=+ V(sw) V(s) (2.97)

where 2 (0;1) is the reward discount factor. 2 (0;1) is a tunable parameter that controls the
bias-variance trade o of the advantage estimate, where ! 0 has low variance but high bias and
I 1 has low bias but high variance.

The policy gradient and its Monte Carlo estimate can thus be expressed as:

X 1 #
r J( )= E r log (ayjs))ASAE (2.98)
t=0
1 X ! #
0= § rolog (ajsi)APAE (2.99)
2D t=0

In practice, instead of following Equation (2.99) for optimizing the policy and Equation (2.95) for
optimizing the value function estimate, we can optimize both simultaneously. We denotelL( ) =
log (aijs;)ACAE such that its gradient r Ly = r log (aijs;)ACAE . Additionally, we denote

2
LYF( )= V(s) R; . We then de ne an overall objective function L(; ) as follows:

1X "R ' VF !
LG )= Le() alyF() (2.100)
2D  t=0 4
1 X X1 _ 2
=3 log (ajs)AF® o V(s) R (2.101)
2D t=0

Using an auto-di erentiation framework and a gradient-based optimizer, we can maximizeL with
respectto and , which would optimize both the policy  and the value function estimate V .

We present the RL training pipeline for the vanilla policy gradient method in Algorithm 1.
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Algorithm 1. Vanilla Policy Gradient Algorithm

1 Initialize policy with .

2V Initialize value function estimate with .

3 for k=0;1;2;::: do

4 Collect a set of trajectoriesDy = f jg with ) in the environment.

5  Compute rewards-to-goR;.

6  Compute advantage estimates®AE using GAE.

7 Compute the overall objective function L(; ) and maximize L using a gradient-based

optimizer:

R VF !
L(; )=ﬁ Le( ) caly" ()
2D t=0
k+l; ke Sa@rgmax L(; )
8 end

We note that in Line 7 of Algorithm 1, we ideally only want to perform one gradient update on

because the trajectory datasetDy used to compute the policy gradient was collected from the
current policy . As soon as receives a gradient update, the existing dataseDy is technically
no longer representative of the policy's trajectory distribution. If we were to use Dy to perform
multiple gradient updates on the policy without collecting new data, the policy gradient estimates
would become more and more inaccurate. In spite of this issue, we would want to perform more
than one gradient updates in practice; this is to accelerate the training process since collecting a

new trajectory per policy update is prohibitively time-consuming.

2.2.3 Proximal Policy Optimization

The vanilla policy gradient algorithm described in Algorithm 1 often result in unstable training,
where the performance of the policy after receiving gradient updates would degrade catastrophically
[37]. This problem occurs because when multiple gradient updates are performed without collecting
new trajectory datasets, the policy gradient becomes inaccurate, as discussed above. Even a small
sized inaccurate gradient update could collapse the performance of the policy, which makes it
dangerous to use large step sizes in policy gradient updates, hence resulting in poor sample e ciency.
To alleviate this issue, Proximal Policy Optimization (PPO) is a method that constrains the size

of gradient updates to prevent catastrophic forgetting, thus improving the training stability [39].
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PPO rst replaces Li( ) = log (aijsi)A: from the vanilla policy gradient algorithm with

LEPT(; k), de ned as follows:

(atjst)

WAt = ri( )A (2.102)

LEP (w0 =

wherer(; )= k(é{tjfstt)) represents the probability ratio between the most current policy and

the old policy from the previous iteration

.- Note that at the rst gradient update after a new
trajectory dataset Dy is collected, =  and hencer¢(; ) = 1. If = y, thenr L{() =
r LEP!( ), which motivates why LEP! (1 ) can be used as a drop-in replacement fok(( ) for
computing policy gradient estimates.

Maximizing LEP!'(; k) with respect to  results in the following behaviour: if A\ is positive,
re(; k) increases from 1; ifA; is negative,ri(; &) decreases from 1 and approaches 0. Therefore,
maximizing LEP! (; ) directly without constraints would result in excessively large policy updates,
which could collapse the policy's performance. Consequently, PPO modie& P! (; ) by clipping
r«(; ) such that ri(; ) cannot move too much away from 1. Specically, PPO introduces
LEYP (; k) de ned as follows:

8

Smin(ri(; : 1+ DA, ifA 0
LEUP ()= min(re(; «); (L+ )Ar if Ay (2.103)

Pmax(re(; W): @ DA ifA <0

where is a small hyperparameter, commonly set ta0:2. Figure 2:2 depicts the behaviour ofLEH'P

as a function ofri(; ) for the two cases ofA.

LtCLIP

At ”””””

r
1 LtCL|P
At 0 At <0

Figure 2.2: LEHP as a function ofry(; ) for positive A; (left) and negative A; (right).
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Note that if ri(; k) isclippedto(1+ )or (1 ), it means that the output distribution of the

new policy  deviates more than the allowable amount from that of the old policy In these

-
cases, the gradient oL CH'P with respect to  is 0, e ectively nullifying that particular state-action

pair's contribution to the policy gradient. Thus, clipping prevents from moving in directions that
result in large di erences between the output distribution of ~ and the output distribution of .

The overall objective function PPO maximizes is de ned as follows:

#

LCHP +VE+S( = LEMP (G0 aldT( )+ eS[ I(s) (2.104)

1 x k1
N 2p =0
where S[ ](s;) denotes the entropy of the policy's output distribution given state s;. This en-

tropy bonus serves to prevent the policy's output distribution from collapsing, which encourages

exploration for the agent throughout the training process.

2.3 Related Work

There are mainly three broad categories of approaches for manipulator collision-free motion gen-
eration: locally reactive controllers, global planners, and more recently neural motion generation

methods. Each of these methods possesses its own set of advantages and drawbacks.

2.3.1 Locally Reactive Controller

Locally reactive controllers have long been applied to the problem of collision-free motion gen-
eration [6, 12, 32, 46]. These methods generate collision-free trajectories by generally moving in
the direction of its goal while reacting to its surrounding obstacles. Geometric Fabrics is a recent
example of this approach. Locally reactive methods are capable of running in real-time, enabling
them to react to dynamic obstacles. They also can account for robot dynamics and hence can
generally generate smooth trajectories. However, they are prone to local minima and frequently

fail to nd a solution in complex environments.

2.3.2 Global Planner

Global planners generate collision-free solutions by considering the entire state-space of the problem,
hence they are generally asymptotically complete and optimal. Search-based planners, such as A*

[18], are generally fast, complete, and optimal as it performs a graph search to nd a solution;
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consequently, it necessitates the construction of a graph, which requires the discretization of the
continuous state space for manipulator motion generation. Sampling-based planners, such as RRT*
and AIT* [15, 40], do not require discretization as they construct a tree via sampling in continuous
space and nd a solution once the tree discovers the goal in the state-space; however, building up a
tree that has su cient coverage over the state-space can be slow and the solution time is erratic due
to the nature of random sampling. Optimization-based planners [36, 41, 48] generates collision-
free paths by optimizing a combination of various objectives, such as distance to goal, distance
to obstacles, and smoothness of trajectories; however, due to the nature of optimization, these
methods tend to be computationally expensive, slow, and are prone to local minima depending on
the optimization initialization. CuRobo [41] is a recent state-of-the-art optimization-based planner
that has achieved signi cant speed ups via parallelizing the optimization scheme and accelerating
the computation on the GPU. In spite of this decrease in solve time, CuRobo cannot be applied
e ectively in dynamic environments since its optimization process cannot guarantee a xed solve

rate, which is essential for reactive motion generation.

2.3.3 Neural Motion Generation

Neural motion generation is a recent paradigm that seeks to leverage various bene ts of neural
networks for motion generation. All of the non-learning based methods discussed above require a
known environment model to function, which severely hinders their ability to be deployed in un-
known environments. On the other hand, neural networks o er exibility to various input modali-
ties, such as point clouds of the scene, which can be readily obtained in any environment directly
from the raw sensor output of depth cameras. In addition, neural networks possess rapid inference
speed and can be executed at a constant rate, which makes it feasible to be deployed in dynamic
environments where the robot needs to react to its surroundings at every time step. Seeking to
reap these aforementioned bene ts, recent work [9, 30] train neural policies that take in point cloud
observations of the scene and output robot joint actions. Speci cally, M Nets [9] is a state of the
art neural motion generation method that is trained via imitation learning on three million optimal
trajectories. While M Nets has a fast run time and displays reactive behaviour in dynamic settings,
it performs poorly on goals that are out of the training distribution and exhibits erratic motion in

unseen environments during training.
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2.4 Research Gap

While neural motion generation methods possess inherent benets from using neural networks,
as discussed in Section 2.3.3, the quality of the generated motion from neural policies can be
signi cantly improved. For instance, despite the large-scale dataset that was used to train the state-
of-the-art M Nets, consisting of three million optimal trajectories from 575,000 unique scenes, the
trained policy fails to generalize to most out-of-distribution settings. In addition, M Nets performs
poorly in many di cult motion generation problems that were included in its training dataset as

it was only able to solve 75:78% of the problems in the training dataset. In addition, the collision
rate of trajectories generated by M Nets is 11% on the test environments despite the fact that
the test environments are are sampled from the same distribution as the training set. Therefore,
M Nets currently cannot be reliably deployed in most settings. Therefore, this work seeks to
train a collision-free motion generation policy that outperforms M Nets in terms of completeness,

smoothness, and reactiveness to obstacles while retaining its rapid inference speed.
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Chapter 3

Methods

This section delineates the methods used in geometric fabrics guided reinforcement learning, a novel
neural motion generation method that achieves state-of-the-art performance results for learning-

based manipulator collision-free motion generation.

3.1 Problem Formulation

We de ne the problem of manipulator collision-free motion generation in this work as follows: for a
xed-base serial-link robot manipulator in an environment with a set of static or dynamic obstacles,
given an initial joint con guration qo for the manipulator and an end-e ector goal position and
orientation Xxg, generate robot joint torques that will steer the robot's end-e ector to x4 without

colliding with itself nor its environment. Figure 3.1 depicts an example solution trajectory for a

collision-free manipulator global motion generation problem.

3.2 Methods Motivation

To achieve an improved performance over the previous state-of-the-art neural motion generation
method M Nets, we formulate the problem as a reinforcement learning (RL) task instead of employ-
ing imitation learning (IL) which was previously used in M Nets. Policies learned from imitation

learning are fundamentally limited by the quality and the coverage of the training dataset; con-

sequently, IL policies often fail to generalize to out-of-distribution settings, which was one of the
main exhibited with M Nets despite training on a large-scale dataset consisting of three million
expert trajectories in 575,000 di erent environments [9]. Therefore, to improve the completeness
of the neural policy, we seek to use reinforcement learning in simulation due to the fact that an RL
agent in simulation can explore, generate data, and train on its own data continuously, whereas an
IL agent is limited by the provided dataset. Moreover, RL inherently trains policies that encode

long-term planning capabilities since RL optimizes over entire trajectory rollouts, which implicitly
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Figure 3.1: lllustration of an example solution trajectory for a collision-free manipulator global
motion generation problem.

endows policies with the ability to anticipate future outcomes [5].

In most of the literature regarding RL for motor control, the RL agent is setup to directly output
robot joint actions [3, 8, 35]. However, this action space formulation has two main problems in the
context of producing feasible robot motion and the learning e ciency. Firstly, policies learned from
RL algorithms such as PPO have a tendency to produce bang-bang control behaviour, resulting
in jerky motion that is infeasible to achieve on real robots. This behaviour is usually partially
alleviated by adding joint velocity penalty terms in the reward function or arti cially smoothing
the RL actions with an exponential moving average (EMA) low-pass Iter [10]. Using these methods
may appear to result in smoother robot motion, but there is no guarantee that the robot motion
will stay within the allowable jerk and acceleration limits imposed by the robot hardware. In
fact, joint jerk and acceleration information are not exposed and cannot be easily retrieved in
robotic simulators like Isaac Gym. Therefore, in order to train a policy that produces physically
feasible robot motion, a conservative amount of action damping is usually required via both velocity
penalization and a high EMA factor; this approach produces excessively sluggish robot motion,
hence resulting in sub-optimal behaviour for motion generation since the robot cannot safely utilize
its full capabilities. Secondly, RL agent needs to learn a variety of non-task speci ¢ behaviour, such
as dynamic compensation, local object avoidance, satisfying joint level constraints, in addition to
the main task objective. Needing to learn these non-task specic behaviour only adds to the

di culty of the RL task, which could result in slower training time or complete failure in achieving
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the main task objective.

Therefore, in consideration of these two problems, we employ geometric fabrics to serve as
a safe guiding medium for the RL policy to operate on [31]. Specically, the RL policy sets
targets for the end-e ector attractor and the joint-space attractor of geometric fabrics, which then
generates joint position targets for the robot manipulator. This approach e ectively solves the two
aforementioned problems. Firstly, trajectories generated by geometric fabrics are guaranteed to be
smooth and physically feasible since the geometric fabrics framework can explicitly ensure that its
motion satis es joint jerk and acceleration constraints [31]. This e ectively nulli es the need for any
action-penalization term in the reward function to implicitly slow down the robot's motion, allowing
the RL agent to take full advantage of the robot's motion capabilities while adhering to the robot's
physical limitations. Secondly, geometric fabrics is a powerful controller that exhibits all of the
aforementioned non-task speci ¢ behaviour, which can reduce the complexity of the learning task.
We choose to leverage geometric fabrics as opposed to other controllers because of its empirical

performance superiority over other controllers and its provably stable characteristics [31, 46].

3.3 Geometric Fabrics Design

In this section, we delineate the design of geometric fabrics to create a powerful locally reactive
controller for a robot manipulator. The combined geometric fabrics used by the RL policy comprises
the following fabric components: end-e ector attractor, joint-space attractor, and distance-space
repulsion. Each fabric component consists a geometry generatdil ; hoi)x, and a Finsler energy
Lei. The geometry generator(l;hy;i)x, de nes the nominal behaviour of a geometric fabric and
can be interpreted as an acceleration sub-policy; =»; = hy;. The Finsler energyL.; dictates
the priority metric of the fabric in accordance with Mg, = @i&Le;i. These fabric components are
combined into the nal geometric fabric using Equation (2.54). In accordance with Equation (2.60),

the combined geometric fabric can be expressed as follows:

M (:_q e + fe + Pe[M eh2 fe] = @e Bge (31)
M@e+ fet Pg[Mchy fo]+ @. +BQge=0 (3.2)
Me(de; @)X e+ fr(de; &)= 0 (3.3)
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where i (ge; &) = fe+ Pe[Mcho fe]+ @. + B e can be interpreted as the combined force in

the geometric fabric system.

3.3.1 End-E ector Attractor

The purpose of the end-e ector attractor is to move the current end-e ector position x to a desired
end-e ector position xg4, where the task space of this fabric the robot's end-e ector space.

We specify a potential function (x) = klog(cosh( (jjxg Xjj))) and design the geometric
sub-policy as ; = jj ijz@_ (x), wherek; 2 R* are constants that control the scaling and the
sharpness of (x) respectively. In essence, (x) decreases towards 0 ag approachesxy and the
sub-policy assigns an end-e ector acceleration in the direction that decreases(x), hence attracting
X towards x4. Note that the sub-policy ; is HD2 in x hence satisfying the requirement of being
a geometric generator.

We design the Finsler energy ad ¢ = kxk? i(m m)(anh( kxg xk)+1)+ m , where
m;m; 2 R* are the maximum isotropic mass, the minimum isotropic mass, and the sharpness of
the hyperbolic tangent respectively. The induced metric from the Finsler energy is thus as follows:
Me=(m m)(tanh( kxg xk)+1)+ m)l, where the priority of the geometry increases as
X approachesxg.

In addition to the geometric sub-policy, we also separately deploy the potential (x) with a
di erent tuning from the one used in the geometric policy. This potential is generally less potent
than the geometric policy, but it helps with convergence.

We note that in order to achieve end-e ector orientation alignment in conjunction with position
alignment, we convert the desired end-e ector pose to the positions of three non-collinear points on
the end-e ector and subsequently apply an end-e ector attractor to each of the three points. We

expose the desired end-e ector pos& 4 as a controllable parameter that the RL policy can modify.

3.3.2 Joint-Space Attractor

The purpose of the joint-space attractor is to control the null-space of a manipulator in order to
posture the arm in addition to controlling its end-e ector pose. Speci cally, the goal of the joint-
space attractor is to bring the arm's joint con guration ¢ as close to a desired joint con guration
(g as possible without impeding on the end-e ector attractor.

We de ne a potential (q) = klogcosh( (jjaqg 4qjj), where k; 2 R* are constants that

control the scaling and the sharpness of (q) respectively. Similarly to the end-e ector attractor,
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(x) Le

lixa X lixa  Xjj

Figure 3.2: The potential (left) and the Finsler energy (right) used for the end-e ector attractor.

we design the geometric sub-policy as; = | g’jz@ (g). We design the Finsler energy ad.¢ =
i gj?, wherem 2 R* is the isotropic mass. The induced metric from the Finsler energy is thus
Me = ml. We also expose the desired joint-space targeiy as a controllable parameter that the

RL policy can adjust.

3.3.3 Distance-Space Repulsion

We employ the distance-space repulsion fabric to achieve self-collision avoidance, obstacle avoidance,
and joint-limit avoidance. Speci cally, the task-space of the distance-space repulsion fabric is the
signed distance to a barrier, denoted generally ag. For self-collision avoidance,x represents the
distance from a robot link to anther robot link. For obstacle avoidance, x represents the distance
from a robot link to an obstacle. For joint-limit avoidance, x represents the distance from the
current joint position to either the upper or the lower joint limit. Therefore, the distance-space
repulsion fabric aims to movex away from 0.

We de ne a potential (x) = ¥+ krjog 1+ e (X %)  wherekpk 2 R* control the scaling,

controls the sharpness, andx, is an activation o set. Similarly to the others, we design the
geometric sub-policy as ; = x°@ (x).

We design the Finsler energy ad ¢ = %s(&)&z, wherek 2 R* controls scaling ands(x) =1 if
X < 0 and s(x) = 0 otherwise. The metric induced from the Finsler energy isM ¢ = §I if x< O
and M ¢ = 0 otherwise. E ectively, the distance-space repulsion fabric is disabled if the system is
moving away from the barrier and the priority of this fabric increases as the system moves towards
the barrier, which demonstrates the bene ts of velocity-dependent metrics.

We also deploy the potential (x) alongside the geometric sub-policy for numerical stability

purposes [46]. Note that this potential is weighted signi cantly less than the geometric sub-policy.

38



3.3. GEOMETRIC FABRICS DESIGN

(X) Leif x< O

X X

Figure 3.3: The potential (left) and the Finsler energy (right) used for the distance-space repulsion.

3.3.4 Satisfying Joint Jerk and Acceleration Constraints

We explicitly handle joint jerk and acceleration constraints imposed by the robot hardware to
ensure that the trajectories generated by geometric fabrics are physically feasible. We denate as
the maximum acceleration magnitude and@ as the maximum jerk magnitude.

To handle the jerk constraint, we leverage the following time-discretized jerk model:

t+1 t
-q-tez qe tqe (34)

The maximum possible jerk that the system would experience is it {* =@ andg!{ = @, resulting

in the following expression for the maximum possible jerk:
qfe;max = &t (3.5)

Since we need to ensurdf,..... < &, we can derive the following requirement off in terms of §:

(3.6)

= —«‘b)\
A
|

ty
<= (3.7)

. . —0 . —0 .
Therefore, we can de ne a new maximum acceleratiog “such that ensuringpgej @ “simultaneously

satis es the maximum jerk constraint:

a’=min g@; —;q (3.8)
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In order to ensure 3 ¢j (fo, we make the following modi cation to Equation (3.3):

(Met+ Ipet+fr =0 (3.9)
de= (Me+ 1) M (3.10)
where is a parameter we can set to make . arbitrarily small since  !1 impliesge ! O.

Therefore, we can solve for that guarantees p} ¢j c?o hence satisfying both the joint jerk and

acceleration constraints.

3.3.5 Interactions with Real Dynamics

Equation (3.10) can be interpreted as an acceleration policy that speci es the dynamics that we
desire the robot to follow, referred to as behavioural dynamics. However, the real dynamics of a

serial-link manipulator system is governed by the following equation of motion:

M (q)e + C(q;a) g+ g9(q) = (3.11)

where M (q) is the robot's generalized mass matrix,C(q;q) g is the Coriolis forces, g(q) is the
gravitational forces, and is the generalized joint forces. We can make the robot follow the desired

behavioural dynamics using PD control with inverse dynamics compensation:

(d0:d;de;des®e) = M (q)(ge+ Kp(de a)+ Kg(@ 9)+ C(q;9) g+ 9(q) (3.12)

where we treat ge and @ from the behavioural dynamics policy as the desired joint position and
velocity targets for the inverse dynamics controller.
To obtain ge and g, we forward integrate@ ¢, computed from the behavioural dynamics accel-

eration policy. We employ an approximate RK2 numerical integration method to calculate ge and

@ as follows:
1
¢l T Uet tget s the (3.13)
0™ = Qe+ teg (3.14)
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3.4 Geometric Fabrics Guided Reinforcement Learning

We formulate the problem of generating collision-free motion generation for a manipulator as a
discrete-time Markov Decision Process, where the agent interacts with its environment by sequen-
tially observing and applying actions. In order for the agent to maximize the expected discounted
return J( ) = Ey p(g)E [R( )], we use Proximal Policy Optimization (PPO) [39] to learn a
goal-conditioned stochastic actor policy that maps state s2 S and goalg 2 G to action a 2 A.
PPO also learns a criticV (s) to approximate the on-policy value function.

We apply PPO in Isaac Gym [20], a GPU-based physics simulator, due to the fact that PPO
is highly parallizable, allowing it to scale e ectively with GPU-accelerated vectorized simulation
[8, 16, 22, 35]. Figure 3.4 presents a high level overview of the training pipeline of geometric fabrics
guided reinforcement learning. We note that the actor and the critic networks run at 2 Hz while

geometric fabrics run at 60 Hz.

Figure 3.4: High level PPO training pipeline of geometric fabrics guided reinforcement learning.
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Figure 3.5: MotionBenchMaker Scenes: Table, Box, Bookshelf, and Cage.

Figure 3.6: M Nets Scenes: Cubby, Dresser, and Tabletop.

3.4.1 Simulation Environment

We implement two main types of obstacle scenes in our Isaac Gym simulation environment to train

a collision-free motion generation policy: dataset scenes and procedurally generated scenes.

3.4.1.1 Dataset Scenes

Dataset scenes are obstacle scenes from existing datasets. Speci cally, we import 1800 unique
scenes from the MotionBenchMaker (MBM) dataset [7] which we use during training. These MBM
scenes consist of four categories, illustrated in Figure 3.5: table, box, bookshelf, and cage. In
addition, we import 800 unique scenes from the M Nets dataset [9], which we use during testing to
evaluate and compare our policies since these scenes are outside of the training distribution. These
M Nets scenes consist of the following three categories, illustrated in Figure 3.6: cubby, dresser,
and tabletop.

Each of these dataset scenes has a pre-de ned initial robot con guration and end-e ector goal,
which speci es a challenging motion generation problem. In addition to these pre-de ned problems,
we generate more collision-free initial robot con gurations and end-e ector goals online during
training via rejection sampling. Speci cally, we repeatedly uniformly sample joint con gurations
within joint limits, perform forward kinematics based on the sampled joint con gurations, and

check for collisions until we yield two collision-free joint con gurations. We can then use one of
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the con gurations as the initial con guration and the resulting end-e ector pose from the other
con guration as the end-e ector goal.

Therefore, for each environment reset, we can set the initial con guration to either the pre-
de ned con guration or a generated con guration via rejection sampling, and we can set the goal
to either the pre-de ned end-e ector goal pose or a generated one, resulting in four possibilities.
We then sample one of the four modes per environment reset in accordance with a categorical
distribution. Table 3.1 delineates the probabilities associated with each of the four modes that we

use during training.

Initial Con guration End-E ector Goal Pose Probabilities (%)

Pre-de ned Pre-de ned 55

Pre-de ned Rejection Sampling 15
Rejection Sampling Pre-de ned 15
Rejection Sampling Rejection Sampling 15

Table 3.1: Categorical distribution for sampling one of the four possible modes at environment
resets for dataset scenes.

3.4.1.2 Procedurally Generated Scenes

In order to increase the diversity and coverage of obstacle scenes used during training, we procedu-
rally generate obstacle scenes on the y at the start of each training run in addition to the dataset
scenes. In this work, we include three types of procedurally generated scenes, depicted in Figure
3.7: cuboid forest, shelves, and ying cuboids.

Cuboid Forest: Randomly vertically-stretched cuboids are placed in a grid-like pattern with
small random perturbations applied to the base positions. Each cuboid is also randomly rotated
about the z-axis. Cuboids near the robot base are removed to prevent interpenetration between
the scene and the robot.

Shelves: The robot manipulator is surrounded by four tall shelves, where the spacing between
each level of a shelf is randomized between 0.2 meters and 0.4 meters.

Flying Cuboids: Ten to twelve cuboids of various dimensions are placed around the robot
manipulator, where their positions are uniformly sampled from a sphere of radius between 0.3
meters and 1.2 meters, and their orientations are uniformly sampled.

We note that the initial con gurations and end-e ector goal poses of these procedurally gener-
ated scenes are set speci ed the same rejection sampling process delineated in Section 3.4.1.1. Due

to the random nature of these scenes, there is no guarantee that every generated motion generation
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Figure 3.7: Procedurally Generated Scenes: Cuboid Forest, Shelves, and Flying Cuboids.

problem has a solution; in practice, we nd that our trained policy can solve more than 95% of

these problems.

3.4.2 Observation Space

The observation space of the goal-conditioned actor policy and the critic network V is identical,
comprising of three main components: the goal, robot proprioception, observation of the scene, and

the exploration map. The details regarding the observation space is delineated in Table 3.2.

Observation Category Observation Name Shape
Goal End-e ector goal pose, represented as keypoints (8 3;)
Proprioception Joint positions (7;)
End-e ector pose, represented as keypoints 8 3)
Fabric joint positions (7;)
Fabric joint velocities )
Fabric joint accelerations (7;)
Scene Observation Static basis point set (vectors) (16; 16; 16; 3)
Dynamic basis point set (vector magnitudes) (62;)
Exploration Map Exploration map array (20; 2G; 20; 1)
Miscellaneous Fabrics switch @)

Table 3.2: Observations of the actor policy and the critic network for the Franka Panda manipulator.

Goal: We represent the desired end-e ector goal pose as a collection of eight keypoint positions

placed at the vertices of the oriented bounding box surrounding the end-e ector, visualized in Figure

a position and a quaternion because prior work has shown empirically that the keypoint-based
representation yields an improved policy performance [3, 27].
Proprioception: Robot proprioception includes robot joint positions g, the fabric's joint

positions e, the fabric's joint velocities @, the fabric's joint accelerations@ e, and the robot's
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Figure 3.8: End-e ector goal pose is represented using the eight keypoints at the vertices of the
oriented bounding box surrounding the end-e ector (in light blue).

end-e ector pose, represented using the eight keypoints.

Scene Observation: In order for the policy to produce collision-free trajectories, the policy
must be conditioned on some representation of the obstacle scene. We elect to use a basis point
set (BPS) to encode spatial information of scene [28]. In comparison to other scene representation
methods, such as point clouds or voxel grids, BPS is particularly suited for deep learning due to its
superior e ciency in terms of memory and computation without degrading the network performance
[28, 45]. Speci cally, we implement BPS as a set of points arranged on 36 16 16rectangular grid
xed with respect to the robot base frame, spanning from (Xmin; Ymin; Zmin) = ( 0:75; 1:0; 0:1)

to (Xmax; Ymax; Zmax) = (1 :5; 1:0; 1:25):
B =fby;:::;byegb; 2 R®: (3.15)

Each basis point gives a vector pointing from the location of the basis point to its nearest obstacle

in the scene, excluding the robot itself, which produces the following scene representation:
Xgps =[(%1  ba);iii;(%e:  byee)] 2 R 16163 (3.16)

where %; denotes the position of the closest obstacle to basis poinb;. Figure 3.9 provides a
visualization of the array of basis points as well as the associated vectors pointing to the nearest

obstacles.
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